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Abstract: The concept of reward is fundamental in reinforcement learning with a wide range of applications in natural and
social sciences. Seeking an interpretable reward for decision-making that largely shapes the system’s behavior has always been
a challenge in reinforcement learning. In this work, we explore a discrete-time reward for reinforcement learning in continuous
time and action spaces that represent many phenomena captured by applying physical laws. We find that the discrete-time
reward leads to the extraction of the unique continuous-time decision law and improved computational efficiency by dropping
the integrator operator that appears in classical results with integral rewards. We apply this finding to solve output-feedback
design problems in power systems. The results reveal that our approach removes an intermediate stage of identifying dynamical
models. Our work suggests that the discrete-time reward is efficient in search of the desired decision law, which provides a
computational tool to understand and modify the behavior of large-scale engineering systems using the optimal learned deci-
sion.

Keywords: continuous-time state and action, decision law learning, discrete-time reward, dynamical systems, reinforcement
learning

INTRODUCTION

Reinforcement learning (RL) refers to action-based learning [1], which is responsible for the modification
of control policies based on rewards received from the natural and man-made systems under study. RL can
be interpreted as an invisible hand introduced by Adam Smith as it describes the social benefits of actions
governed by certain interests. Biologically, living organisms learn to act by interacting with the environment
and observing the resulting reward stimulus. In cognitive sciences, RL has been used by Burrhus Skinner to
study behavior pattern learning based on reinforcement and punishment stimuli.

Recent advances in RL [2-5] have revealed its advantage in understanding complex dynamical systems
and extracting decision laws for an underlying system. A seminal breakthrough by Google Deepmind [6, 7]
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has resulted in a promising approach to playing the game of Go by using evaluation-based action selections
with the help of powerful algorithmic computing. The resulting action has achieved a long-standing goal of
artificial intelligence to defeat a world champion in the game of Go, the complexity of which is far beyond
the ability of humans to master or model.

Although remarkable, most of the RL results were developed for discrete-time systems. For example,
in the game of Go, every board position is within the region of 19 X 19 blocks meaning that the state and
action spaces that the RL algorithms are working on are discrete-time. However, the advantages of using a
continuous-time model, rather than the discrete-time one, have become clear in a situation, wherein one aims
to identify explicit analytical laws for underlying physical systems [8], such as Newton’s laws of motion
and Navier-Stokes equations in fluid dynamics [9]. In such cases, the discrete-time system-oriented RL such
as the example of the Go game in refs. [6, 7] may not be applicable for searching decision laws for the
underlying continuous-time system.

One classic method to search continuous-time decision laws is to compute them after system identification.
A review of system identification techniques was documented in ref. [10]. Various techniques have been
recently employed to discover the governing equations including symbolic regression-based modeling [8,11],
sparse identification [12], empirical dynamic modeling [13, 14], and automated inference of dynamics [15].
In the system identification-based methods, the system model must be learned before the control design.

In the field of RL, there has been slow progress in distilling decision laws for continuous-time dynamic
processes. Some early attempts have been made, including refs. [16-20]. However, there are severe lim-
itations in these works, wherein solving a continuous-time Bellman equation is a must for obtaining the
optimal decision law. In ref. [16], Euler’s method was used to discretize the Bellman equation so that RL-
based methods for discrete-time systems can be applied. The main concern for ref. [16] is that its result is
only based on the discretized system and may not lead to the optimal control policy even if the sampling
period becomes small. Instead of using discretization, an exact method for continuous-time RL was given
in ref. [21], wherein an integral reward is designed for feedback. This reward feedback-based technique is
later termed as integral reinforcement learning (IRL) [22] as it requires that the integral reward be available
for feedback. It is interesting to seek a continuous-time optimal decision law via the integral reward, since
the reward is one of the fundamental units in RL to shape the behavior of complex systems. Later, some
learning-based studies relied on the assumption of feedbacking the integral reward [23-28].

However, it is not always desirable to use such an integral reward as the integral operation is computation-
ally expensive and storage over-occupying, especially for dynamical systems with large-scale dimensions.
As an illustrative example, the utility for learning is defined as a quadratic energy function of the system state
and action. Given this kind of utility, calculating the integral reward requires taking the tensor product of two
vector spaces (state and action) with the dimensions n and m. After canceling the same items in the integral
operation, the total dimension of the stored data for computing the reward becomes %n(n +1)+ %m(m +1)
for each sampling. More data storage and computation will be occupied when action and output data are
collected over a long period. It thus becomes challenging and interesting to get rid of adverse facts from the
integral reward, meanwhile, extracting the continuous-time optimal decision law.

In this work, we focus on a discrete-time reward, which starts at r(u(#), y(¢,)) and stacks r(u(z,), y(¢,)) be-
low, and then continues for all r(u(z;), y(¢;)) until r(u(z,), y(¢,)), which is in a sharp different to the IRL-based
method using the integral reward, which starts at ff ltz r(u(r), y(¢))dr until ft ji1 r(u(r), y(¢))dt for feedback. The
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discrete-time reward has clear physical merits as it could be sampled over non-uniform time and represents
a simple slice of the overall integral reward. However, the inner mechanism of learning a decision law for
underlying continuous-time dynamical systems from a discrete-time reward remains unstudied. In this work,
we aim to study such a mechanism and propose an analytical reinforcement learning framework using the
discrete-time reward to capture the optimal decision law for continuous-time dynamical systems. This techni-
cal innovation comes from the introduction of state derivative feedback into the learning process, which is in
sharp contrast to the existing works based on IRL. We apply this framework to solve output-feedback design
problems in power systems. Note that an output-feedback decision law design was given in ref. [28], which,
however, required computing integrals of system input and output, wherein one integral is used to formulate
rewards and the other for system state reconstruction. Compared to ref. [28], we remove the computation
for integral rewards and only need one integral operator for system state reconstruction for output-feedback
design. It is seen that the presented framework is a data-driven approach that removes an intermediate stage
of identifying dynamical models in model-based control design methods. Our result suggests an analytical
framework for achieving desired performance for complex dynamical systems.

CONTINUOUS-TIME OPTIMAL DECISION LAW LEARNING FROM DISCRETE-TIME RE-
WARD

In this work, we revisit the problem of optimal decision law learning for continuous-time dynamical systems.
We notice that an analytical dynamical system model is necessary to extract its explicit decision law. Here,
we consider the following linear time-invariant continuous-time dynamical system, which is extensively
used to capture a large number of physical phenomena in different communities, ranging from the control

science [23], the neuroscience [29, 30], to the complex network science [31-33]:

{X(l) = Ax(?) + Bu(), (1)

y(@) = Cx(),

where the notation ¢ denotes the time for system evolution, x(¢) = [x(), x2(?), ..., x,()]T € R" represents
the stacked state at the time ¢ with the dimension being n X 1, like operating states of organs within a
human digestive system, y(¢) = [y{(¥), y2(?), . . ., y,,(t)]T € R?” denotes the output measurement, like the mouth
condition among organs of the digestive system, and u(¢) = [u; (1), uy(?), . .., u,,(t)]T € R™ is the system action
for applying the decision law to transform the system state, as the action of eating to stimulate the digestive
system. The matrix A is called drift dynamics denoting how the system state evolves without any action.
The action matrix B describes a mapping between the system state and the controller through which we
attempt to change the behavior of the system. The matrix C denotes a mapping from the state to the output
measurement. The system in eq. (1) is assumed to satisfy the controllability of (A, B), which evaluates the
capability of control in manipulating the state. Its dual concept is the observability of (A, C) for evaluating
the ability to observe the state from the output. The controllability and observability condition is standard
and essential for the system design and control, and has been widely considered in recent works such as
refs. [31-36]. The decision law is also termed as a control policy that aims to take an initial state x(0) to a
state with a prescribed performance using the output of y(z).
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To determine the decision law u(f), we collect input-output data U € R*” and Y € R*™” over time for the

system evolution as

) | [ w@) w@) . u) |

U=|u"@) |=|w@) ut) ... ()

Lu () | | wi(ty) ua(ty) ... un(ty) |

YT | [ 3 3ot .. yp(e) ]

Y=|y"@) [ =] »i@) y2(0) ... yp(t)

,yT(ts)i L yl(ts) y2(ts) N yp(ts) ]

where the non-uniform sampling time satisfies #; < #, < ... < f; < ... < t,1 < t; with #; and ¢, being,
respectively, the points of time when the data collection starts and ends. Given the discrete-time data samples
U and Y, we now formulate a reward function as

|
0.(U.Y) = | r(u®),y®)) |- 2
|

where the utility r(u(z;), y(t;)) is defined as u(#;)Ru(t;) + y"(#;)Qy(#;) with weighting matrices Q and R being
symmetric positive definite for tuning the outputs and actions; and the lines in the equation denote that
0,(U,Y) is a collection of the utility data that starts »(u(#,), y(¢,)), and then continues for all r(u(t;), y(¢;))
until r(u(z,), y(z,)). The notation @,(U, Y) is a vector containing rewards observed by non-uniform sampling.
Eq. (2) is called a discrete-time reward, which is in contrast to refs. [21,22] with an integral reward consisting
of the integration ft “IuT(ORu() + y'(©)Qy(r)dr.

Then, we ask: can we design the decision law u(f) based on the discrete-time reward to solve the optimiza-

tion problem
J(Q, R, u(?), y(1) =rf‘1(1t§l fo r(u(?), y(1))d 3)

without prior knowledge of the system dynamics A, B, C, and the system state x(#)?

The optimization criterion in eq. (3) concerns minimizing the energy in the outputs with the least possible
supplied action energy over the infinite continuous-time horizon. The available information for the design of
a decision law is only the input and output data. This is called an output-feedback design, meaning that only
the output y(¢), rather than the state x(¢), is available. The output-feedback design is more challenging than
the state-feedback one, since the system output y(#) denotes only a part of the full state x(¢). A key issue that
needs addressing is how to use the discrete-time reward for decision law learning within the output-feedback
design.
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Figure1 Schematic framework of the reinforcement learning algorithm using policy iteration for continuous-time dynamical systems. (A) At
each time t = t;, fori = 1,2,..., one observes the current output y() and action u(f). The sampled input-output data are collected along the
trajectory of the dynamical system in real-time, and are stacked over the time interval [7;, 7] as the discrete-time input-output data U and Y.
(B) The input-output data of U and Y, associated with the prescribed optimization criterion, are used for updating the value estimate given
in the critic module, based on which the control policy in the actor module is updated. The ultimate goal of this framework is to use the
input-output data U and Y for learning the optimal decision law that minimizes the user-defined optimization criterion J(Q, R, u(z), y(¢)).

We shall introduce an analytical framework as illustrated in Figure 1 for extracting the optimal decision
law that minimizes the criterion in eq. (3) based on the discrete-time reward in eq. (2). A distinguishing
feature of the presented framework is that the discrete-time reward is in a central place for learning. The
information flow in Figure 1 illustrates that the input-output data are first collected as discrete-time data
samples, based on which the discrete-time reward is constructed. Then, the discrete-time reward is fedback
to a critic module for updating the value estimate. Next, this updated value estimate is used for control policy
improvement, which finally leads to the optimal decision law.

One question for the framework in Figure 1 is the solvability. This was partially answered by the control
system community (Supplementary information, Section 1A). Assuming that the system dynamics A, B, C,
and the system state x(¢) are available for the design, a model-based offline decision law u(¢) that solves the
optimization of eq. (3) is given by [23]

u(n) = -K'x(1), “4)

where K* is an optimal decision gain determined by K* = R™'BTP* with the matrix P* obtained from solv-
ing an algebraic Riccati equation involving the full system dynamics A, B, C (Supplementary information,
Section 1B).

Considering that only the system output y(), rather than the system state x(¢), is available, we may turn to

set up an output-feedback design to approximate the optimal decision law in eq. (4) through
u(r) = —K®(u(), y(1)), &)

where K; is a feedback decision gain and ®(u(?), y(¥)) is a feedforward signal from the data learning point
of view. Here, eq. (5) provides a way of transforming the design problem of u(#) into two subproblems by
searching K and ®(u(?), y(r)). Indeed, the design of ®(u(?), y(?)) is feedforward depending on the control
and output only. One realization form for ®@(u(?), y(¢)) will be later specified as n(¢) in this study. We thus
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shift the focus to resolving the feedback gain K, from the discrete-time reward in eq. (2), under a key premise
that the model of A, B, C, and x(¢) defined in eq. (1) exists but the accurate model information is not available
for design beforehand.

To search for the gain K that meets the optimization criterion eq. (3) without prior knowledge of A, B, C,
one may turn to machine learning for the solution. In the setting of machine learning, an unknown system is
referred to as an unknown environment. Thus, through interactions with the environment, the control policy
design of maximizing a reward, equivalent to a cost to be minimized given in eq. (3), is termed as RL [4].
Recent advances have revealed that RL is a promising method across various disciplines for searching for a
decision law that gives rise to satisfactory system performance.

Although great success has been achieved, RL-based results typically assume the state and action con-
strained in a discrete-time space, while it is not readily feasible to learn the decision law in eq. (5) for
continuous-time systems in eq. (1). The framework of continuous-time systems is more suitable for model-
ing most physical phenomena, as the models of physical systems obtained from the application of physical
laws are naturally in continuous-time forms such as refs. [23,29-33]. Note that the discretization technique
may not be applicable for transforming continuous-time systems into discrete-time ones. The reason is rooted
in different structures of the optimal decision law between the continuous-time and discrete-time systems.

Another key observation for the framework in Figure 1 is that the dynamical systems are indeed continuous-
time in terms of the state x(#), while the rewards for feedback are sampled over the discrete-time time se-
ries. The discrete-time data principle is the cornerstone of parameter learning having numerous applications
ranging from control, signal processing, to astrophysics and economics. Although it is now possible to
utilize IRL for learning a continuous-time optimal decision law, the method of IRL violates such a prin-
ciple for data collection and processing. The direct aftermath is that IRL requires measuring the integral
of the tensor product of two vector spaces over the time interval [#;,.], including the output-action data
ft; fiel y(7) ® u(r)dr (or state-action data ft tet x(7) ® u(r)dr), action-action data ft " u(7) ® u(r)dr, and output-
output data ft til y(7) ® y(7)dt (or state-state data ft ! x(1) ® x(7)d7), wherein the symbol ® denotes the
Kronecker product operator. These integral tensored data are required in IRL as the smallest unit for formu-
lating the integral rewards. Recent advances in adaptive optimal control support this view of the decision law
design [22-28], where the continuous-time integration operator has to be applied over the tensor product.

Here, we advocate using discrete-time data samples as the smallest unit, from which the discrete-time
reward is constructed for learning the feedback gain Kj. We shall explore the inner mechanism of learning
a decision law for the underlying continuous-time dynamical system from the discrete-time reward, and
provide rigorous mathematical reasoning for the decision law learning.

The schematic of the presented RL-based framework is illustrated in Figure 2 with a focus on constructing
a suitable discrete-time reward for feedback learning.

In Figure 2A, the input-output signals, u(#) and y(#), determine the data sets of U and Y and also the
feedforward signals of 7(r) = [1(2), ny (D]" € R"™P and 6(1) = [17,(1), 7y (D]" € R""*P) satisfying

u(?) = Iy @ Dy)nu(?) +u(®) @b, (6)
iy = T, ®Dyny() +y() ® b, (7

where the companion matrix D,, and the vector b are user-defined variables as detailed in Supplementary
information, Section 2A. Matrix D, should be made Hurwitz by choosing the entries on its last low to be
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Figure 2 Computational approach for deriving optimal design laws from the data. (A) Pre-process the actions and outputs of the dynamical
system and construct the feedforward signals that will be used for the feedback gain learning and the design of an online real-time control loop
(Supplementary information, Section 2A). (B) Measure the input-output data, as well as the feedforward signals, over discrete-time series,
based on which the discrete-time data samples are assembled using the tensor product (Supplementary information, Section 2B). (C) This part
is central for learning the feedback gain K from discrete-time data. First, calculate the Bellman equation for optimality via policy iterations.
Then, through policy evaluation and improvement, the optimal feedback gain is obtained from the discrete-time data samples with rigorous
mathematical operations and convergence deduction (Supplementary information, Section 2C). Finally, both the feedforward signal in (A) and
the feedback gain Kj contribute to the optimal decision law in eq. (5).

negative. Let the feedforward signal ®(u(¢), y(¢)) in eq. (5) be realized as 1(¢), which denotes the change of
the state after the parametrization [37]. This further generates the following data sets collected over several
time instants as

|
0, = | ') | e RZ"P, (8)

0y = | 67(1;) | € R™"*™, (&)
|

where n, p, and m are the row dimensions of x(¢), y(#), and u(¢), respectively, and s denotes the number of
time samples. Note that 7(¢) and 6(¢) are vectors in the continuous-time space, as opposed to data matrices
©, and Oy. The results in Figure 2A and B reveal how to learn the feedback gain K from the discrete-time
reward.

Now, all the data sets required in learning the gain K| have been determined, specified as U, Y, ©,,, and

©,. Based on these four data sets, it is ready to construct the following discrete-time data samples:

Gnll — nT(ti) ®11T(ti) e Rsxr¢m(p+m)’
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|
Oy = | y' () @y (1) | € R,
|

|
@ny = UT(ti) ® yT(l‘,') e RSXI‘Lp(p+m),

|
S n2 m 2
0, =|n"t)®n" ) |€R™ (pmy,

|
Oy = | (1) @1"(1) | € RZI

using the tensor product of discrete-time spaces, the data flow of which is given in Figure 2B. Take 0, for
example. Each row of ©,, is obtained by the tensor product of the vectors 7(#;) and u(z;), while each column

is collected over different time series ranging from ¢ = £, to ¢ = t;.

The learning philosophy is now evolved from the integral reward to the discrete-time one, resulting in extra
design benefits. The main advantage of using the discrete-time reward is that the computational efficiency is
significantly improved when compared to that in the method of IRL. For example, in the considered output-
feedback design, the data space for storage equals the sum of the dimension of U, Y, ®,, and ®,, which is

labeled as Ty = s X [p + m + 2n(p + m)]. If a system with the same dimension is applied in the setting of

pp+1) (np+nm)(np+nm+1)
+55 R e B

IRL, the data space for storage would become Ty 5 = s X [nm(p + m) +np(p+m)+
which is obtained by summing the dimensions of @,y, @yy, ®,,, and @,, after eliminating same elements in
O,y and O,,. The column length of Ty, ; is much less than that of T, >, especially for a large magnitude of
s, p, m, or n. Besides, the integral operator has to be imposed for all the Ty, , samples in IRL, while it is
ruled out for the T\, ; samples. This reveals that fewer data space for storage and less computational time is

consumed in discrete-time reward-based learning when compared to that in IRL.

We seek the feedback gain K; by employing the policy iteration. Let the gain matrix at the kth iteration be
K", and let the vector S* satisfy

Sk =
vec(KY)

; (10)

. . . =0 e ege . . . .
where vec(-) is the vectorization operator and K~ denotes an initial stabilizing gain obtained by trial and
. . =k =k . . .
error. Construct libraries @*(K , 04y, 0,, 0,4, 0,,) and Pf(K , 0,,, Oyy) consisting of the discrete-time

data samples Qg,, O,y, Oy, O, and Oy,.
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As a variant reward of eq. (2), the discrete-time reward used in the policy iteration is defined as follows:

|
0,(U, Y) = | r(u(t), y(©)) |- (1)
|

where u,(t) = —I_(kn(t) denotes an iterative decision law at the kth iteration step. Considering that the
optimal decision law is unknown, one needs to use the reward of eq. (11) in the policy iteration, rather
than eq. (2), for the algorithmic stability purpose. Based on eq. (11), straightforward manipulation leads
to r(u (1), y()) = G),mvec((l_(k)TRKk) + O,yvec(Q). The discrete-time reward in eq. (11) is non-uniformly
sampled and can be stacked into the form of ®*(K*, ©,,, @yy).

With the collected data, we construct a policy iteration-based Bellman equation for solving S¥*':

0“K",0,,0,,0,,0,)s"" = 0/K",0,,0,), (12)

m>

where the matrix I_(kH, contained in S¥*!, is the feedback gain that we want to learn (Supplementary infor-
mation, Section 2B). A verifiable condition

(13)

1
rank([©,,, ©,u]) = (nm + np)(w N m)

2
is proposed for evaluating the richness of the collected data samples that uniquely solve the iterative gain
K" from eq. (12) (Supplementary information, Section 2C). This rank condition is related to persistent
excitation which is well-known in parameter estimation and adaptive control [37-39].

As illustrated in Figure 2C, the computation in eq. (12) is carried out iteratively by replacing K" from
a previous step k with that from the current one until the convergence criteria are met. Such an iterative
procedure ultimately leads to the unique optimal feedback gain. With the converged K**!, label K™ as
K;, and the decision law is then given by eq. (5) which solves the optimization in eq. (3) (Supplementary
information, Section 2C).

As for solving K" from eq. (12), the computation error, termed as e(f;), consists of the multiplication
of a matrix exponential and an initial system state eA"VCix(0) (Supplementary information, Section 2B).
This is indeed an error in the basis function approximation for resolving the state [28], which happens in the
pre-processing period for the feedforward signals 7(¢) and 6(¢) as illustrated in Figure 2A. This error is ruled
out if x(0) = 0. Despite that the output-feedback design does not allow manipulating the initial state x(0), one
can decrease the computation error e,(#;) by executing the pre-processing period for a long enough time. This
allows us to handle the unknown non-zero initial state x(0) and to remove the impacts of the computation
error e;(t;) by decaying the matrix exponential eA~1C

Even though one way for reducing the computation error e,(¢;) caused by x(0) is found, the design for the
basis function approximation still needs the dimension of system state x(¢). Fortunately, one may deduce
the state dimension, from either the model structure of the physical system or from the system data. From
the perspective of physics, it may provide a reasonable estimation of the dimension of the controlled system
with the application of physical laws. For example, the relationship between the action force and the resulting
mass displacement in the mass-spring-damper system is clear after the application of physical laws. From
the perspective of the data, the dimension of the state vector that we are seeking relates the collected input
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to output data. Take subspace analysis in biological learning [30] for example. The dimension of the motor
learning system state depends on the number of singular values associated with a matrix consisting of input-
output data. Also, the System Identification Toolbox built-in commercial software such as Matlab offers
graphical user interfaces to assist in the task of model order estimation.

The initial stabilizing gain K’ is required in this work, as well as in all the policy iteration-based RL
including [23-28]. The procedure of finding the stabilizing gain K’ is verifiable as we feedback it to the
controlled system using u(?) = —KO(D(u(t),y(t)). The time for finding such a gain K’ can be used for
decaying eA1Oix(0) in the computation error e;(t;).

Robustness to noise has been a vital issue of an algorithm for extracting the decision law. The robustness
of the control policy obtained using the proposed framework is analyzed in (Supplementary information,
Section 2D). Depending on the noise, it may be necessary to filter the system output y(#) and action u(z)
before the sampling. For the removal of high-frequency components from the signal, the Nyquist frequency,
which is equal to half the sampling rate, is required. To counteract noised signals of y(¢) and u(z), one feasible
solution is to learn a decision law directly for an augmented system that integrates the original control system
and the extra filter dynamics. For example, as illustrated in the engineering control system [40], the presented

framework works for the augmented system with a filter of system output.

RESULTS

In what follows, we will use the algorithm in Figure 2 to search for the optimal decision law based on the
data captured from dynamical power systems. In power systems, it is important to sustain feedback control
regulators of the prescribed structure for stability, meanwhile, possessing some desired performance. The
algorithm in Figure 2 is responsible for collecting the discrete-time data samples from the power system,
defining the discrete-time reward, and learning the prescribed control policy. In the learning process, no
additional prior knowledge about the power system’s model is used for seeking the optimal decision law.
The design task is now specified as designing an output-feedback continuous-time control policy via
discrete-time rewards for solving the load-frequency regulator problem of power systems [23,41]. The
power system dynamics considered consists of governor, turbine, and generator models, whose outputs are
governor position change, generator output change, and frequency change. An additional model is intro-
duced for integrating the frequency change to supply the governor model. Linearization is utilized to ob-
tain the power system dynamics operating on the normal condition. The frequency change in the power
system, denoted as y(tf) = Af(¢), is allowed for the measurement, rather than the whole power system’s
states. The system dynamics are shown in Figure 3A, wherein the integral action of the frequency deviation
is the control policy u(#) to be designed; the state for the load-frequency regulation system is stacked as
X(¢) = [x1(2), X2(2), x3(1), x4(£)]T with x,(f) = Af(¢) incremental frequency change (Hz), x,(f) = AP, (1) incre-
mental generator output change (p.u. MW), x3(f) = AX,(?) incremental governor position change (p.u. MW),
and x4(f) = AE(¢) incremental change in voltage angle in radians. The physical parameters for the system
dynamics shown in Figure 3A can be found in refs. [23,41]. The desired control policy is to minimize the

following utility over an infinity horizon

J@Q=1LR =L u@®.y@) = min f ) y (Oy(®) + u" (tu(r)dt (14)
u(r 0
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Figure 3 System modeling for an electric power system and the discrete-time data for learning control policy. (A) Load frequency control
of an electric power system is modeled by considering its nominal continuous-time system around an operating point specified by a constant
load value. Only partial system state Af(¢) is available for measurement, requiring the policy design to follow the output-feedback principle.
The state-space equation of the power system is highlighted in the figure, but the system dynamics are unknown to the control policy designer.
(B) The continuous-time control policy is inferred from the discrete-time reward. The time for the power system’s evolution is sampled
non-uniformly. (C) Sampled input-output data are collected for generating the discrete-time reward.

using the input-output data from the power system, together with the discrete-time reward, as shown in
Figure 3B. In eq. (14), the choice of Q, R = 1 is for the example illustration only. Such a choice of Q, R
works means that the proposed method can also be applied under other feasible choices of Q, R for different
trials.

It is checkable that the considered power system is stabilizable and detectable, which guarantees that the
decision law to be learned exists and is unique [23]. The unique decision law will be solved offline for
comparison purposes only. A stabilizing feedback gain K is required in our framework and the existing
policy iteration-based methods [23-28]. In the power system control design, such a stabilizing gain K’ can
be obtained through trial and error as it can be fedback into the system for testing, while the optimal policy
associated with Q and R is the target for pursuing from the data. Some alternative methods for obtaining the
stabilizing gain K’ can be found in the literature such as refs. [23,24,42,43].

Now, we intend to employ the discrete-time reward for inferring the continuous-time control policy satis-
fying a form of eq. (5) and meeting the performance criterion of eq. (14). The histogram of the time under
non-uniform sampling is given in Figure 3B, which indicates that the data only sampled at those instants
of time are collected for learning. Such non-uniform sampling will cause difficulty in directly converting a
discrete-time transfer function to a continuous-time one [44]. Thus, searching for the optimal decision law
by the discretization technique may not be feasible.

From Figure 3C, the data of the input, output, and reward are presented alongside the non-uniform sam-
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pling time. Their trajectories along with the time are divided into two regions to distinguish between the
feedforward and feedback learning, which, respectively, correspond to the learning of ®(u(¢), y(r)), and K
as formulated in eq. (5).

For the period of feedforward learning, the priority is to reduce the computation error e,(#;). To this end, the
input and output data in the first 13 s in Figure 3C are used to learn the feedforward signal ®(u(¢), y(#)). Note
that a long time for feedforward learning is preferred over a short one. A long time makes the computation
error ex(t;) small as it exponentially vanishes. During this period, it is not necessary to give the discrete-time
reward, since the rewards are only used for the feedback-gain learning in the presented framework. Thus, for
the feedforward learning in Figure 3C, the reward is set to 0.01 for using a logarithmic scale on the y-axis.

During the period of the feedback learning (indicated by the region in the orange-red color in Figure 3C,
the key task is to collect the input-output data for calculating rewards and for iteratively learning the feedback
gain K;. Note that the reward is calculated only after the feedforward learning is accomplished. With the
feedforward signal ®(u(z), y(t)) and the stabilizing gain matrix K’ ready, one thus constructs an iterative
decision law u, (), where k denotes the iteration step in the policy iteration. The discrete-time reward is now
calculated as in eq. (11) with the system output data y(¢) and the iterative decision law u, (7). At the end of
the time for the data collection, namely at the 20th second, by eq. (12), the iterative gain K'is computed
fork =1,2,... We set a stopping criterion when the norm of the error between two successive gains K" and
K" is less than 10~5. When the iteration arrives at the 8th step, it yields the feedback policy as

K’ =[-5.0394-10% 136.0782 43.6079  3.9698

-63.4867 —57.9988 -11.3416 -0.8173].

which converges to the computed optimal feedback gain K* assuming that the offline state-space equation

of the power system is known (see Figure 4D). Therefore, the desired feedback gain is well identified after
using the presented framework. The identified gain I_(g, together with the feedforward signal ®(u(z), y(¢)),
results in the exact control policy that satisfies the prescribed performance eq. (14).

To illustrate the dynamical learning process, we present the discrete-time reward and the learned control
policy gain at each iteration in Figure 4. The reward associated with the action and output at the eighth
trial is given in Figure 4A. Rewards used in the first trial and the eighth trial are presented in Figure 4B,
where an order of magnitude for the peak value of rewards is reduced from 107 in the first trial to 10° in the
eighth trial. It reveals that the control effort, as well as the discrete-time reward, is reduced after learning.
Such a reduction corresponds to the design goal of minimizing the infinity horizon utility in eq. (3). The
discrete-time rewards for all eight iterations are given in Figure 4C, wherein the results within the time
window from 18.33 to 20 s are now displayed. It further indicates that the rewards tend to decrease as the
iteration step moves forward. Figure 4D reveals that the feedback gain K converges to the predetermined
gain as the iteration step increases. Let a matrix P be an unspecified matrix in eq. (10), which corresponds
to eq. (26) of Supplementary information, Section 2B. From Figure 4D, the learning ratio between K
and P* varies in the policy iteration. It implies that the components in eq. (10) differ from each other
in terms of learning accuracy. Note that the feedback gain K'is computationally unique for each iteration
(Supplementary information, Section 2C). The uniqueness of K'is equivalent to the uniqueness of the learned
control policy. From the power system design, it is clear that our framework does not have an intermediate
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Figure 4 Learning from discrete-time rewards. (A, B) Rewards associated with the output y(¢) and the action u(f) at the kth iteration step.
The data here represent the rewards at the 1st and 8th iteration steps, which correspond to the learning results for the first and final trials.
(C) Discrete-time rewards for the different iteration steps. It suggests that as the iteration steps go larger, the value of the discrete-time reward
decreases. (D) The convergence of learned control policy. The convergence error decreases as the iteration step turns large. This ensures to
increase in accuracy by simply setting the iteration step large. The ratio between the gain matrices K" and P* reveals the different learning

capabilities in approximating the gain matrices from data.

stage of identifying dynamical models, but directly learns the optimal control policy from the data. This
reveals that the presented framework provides a data-driven control policy design, meanwhile, the prescribed
system performance requirement is incorporated into its design.

The below shows the comparisons between this work and the existing IRL works based on continuous-
time rewards such as ref. [28]. For comparison, we use the same parameters and conditions as shown in
Figure 3A for learning. Due to the different principles in storage and computation, this work only requires
about 0.8 s (the time consuming for CPU computing) to run the iterations based on the data collected over the
time period of [13, 20] s, while the IRL-based work requires about 7 s to accomplish under the fixed sampling
interval 0.01 s. The feature of high efficiency is ensured since this work now removes the computation of
integrals required in the existing works of continuous-time reward. Moreover, from Figure 5, the proposed
algorithm’s accuracy differs from that of IRL [28] along with the iteration step k even under the same initial
conditions including the same fixed sampling interval (0.01 s). The orders of the iterative errors for policy
learning IK" — K’|| and value learning (IP* — P|| are, respectively, reduced to about 10™* and 107° in the
eighth trial, while they are about 10° and 10~ only by IRL [28]. When increasing the data samples, the
traditional design may also have high learning accuracy. Therefore, our design that leverages discrete-time
reward admits an advantage at the given samples when compared to the continuous-time reward from the

performance viewpoint.
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Figure 5 Policy and value learning results by the proposed method and by the method of IRL. The solid lines denote the results of iterations
by IRL [28], and the dashed lines are for the proposed method. At the initial iteration, the same policy and value conditions for both two
methods, while the convergent norms of policy and value learning errors show that the proposed method has the higher algorithm’s accuracy
over IRL [28].

We further consider applying the proposed method to a power-grid network with 341 generators, each of

which has the following electro-mechanical dynamics [45]:

. 1
0i = W —wy, W= E(Di(ws —w;) + Py — Ppy), (15)
where i = 1,2,...,341; 6; and w; are, respectively, the ith generator’s rotor angle and frequency; w, denotes

the nominal frequency; H; and D; are the inertia and damping constants; P,; and P,,;, respectively, denote
electrical power and mechanical power. The mathematical model of electrical power shall satisfy P, =
E; Z;ill E[Re(A; ;) cos(6;;) + Im(A,; ;)sin(6;;)], where E is a column vector by stacking the internal voltage
E;; 6;; denotes the relative angle between two generators i and j; A = [A;;] is the effective admittance
matrix of the grid network representing the coupling among generators; and operators Im(-) and Re(-) are,
respectively, imaginary and real parts of a complex number.

For each local generator in the power grid, its frequency and frequencies of other generators (w; for
i =1,2,...,341) are not measurable, which makes the policy design indeed an output-feedback regulation
problem. The equilibrium, i.e., generation matches consumption, follows from the power-flow equation [46],
whose numerical solution such as ¢, for the generator angle at the equilibrium can be offline computed by
MATPOWER toolbox [47] for example. Parameters of the 341-machine power grid were given in ref. [36].
In addition to the frequency of the ith generator, the inertia and damping constants D; and H; are unknown to
the proposed method.

On each generator, a governor is installed and the proposed learning method is applied to extract the
optimal policy associated with the weighting matrices Q; = 1 and R; = 1. The angle of each generator in the
power system is measurable and its trajectory is shown in Figure 6A, while frequencies are not measurable
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Figure 6 Power-grid network regulation. (A, B) From 7 = 0stot = 1.5 s, all 341 generators in the network were operating at the equilibrium
with Ad; = 6; — &, and Aw being zeros. At = 1.5 s, exploration noise was added to the multi-machine power network, and the data over
the time interval [10, 15] s are collected for policy and value learning. The learned output-feedback policy was installed on each generator
governor over [15, 20] s for reaching the equilibrium of the power-grid network. (C) The convergence of the policy and value learning is shown

for each local generator.

for feedback and their trajectories are given in Figure 6B. Both Figure 6A and B validate the effectiveness
of regulating the power system state to the equilibrium. The norm errors of the policy learning and value
learning are shown in Figure 6C with the order of the norm of the error could be driven to around 1071°,

which showcases the learning convergence for the power-grid network.

CONCLUSION

We have demonstrated a learning mechanism for extracting the continuous-time optimal decision law from
the discrete-time reward through RL. Compared to the integral reward, the discrete-time reward in eq. (2) is
computationally efficient as its discrete-time form is a slice of the ultimate reward in eq. (3) with the infinity
horizon. We have used the discrete-time reward to build a new RL-based framework that guides the search
for the decision law with the desired system performance. The search has been accomplished using the
data collected directly from the real-time trajectories of the dynamical systems. Our framework extracts the
decision law without an intermediate stage of identifying dynamical models, which is required in a system
identification-based control policy design. The analytical RL framework that we proposed is interpretable
and provable. This framework may help to better reveal the physics underlying the observed phenomenon
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and to enable a system to behave in a desired manner.

In summary, we have revealed the use of the discrete-time-reward-based technique to search the optimal
decision law for dynamical systems from data without prior knowledge of the exact model of the dynamical
system. We proposed an idea of feedbacking the state derivative into the learning process, which makes our
result unique among the previous results in the field. The power of exploiting the state derivative further
allows us to establish an analytical RL framework using discrete-time rewards. To achieve this, we have
divided the searching procedure into two stages. One stage is to learn a feedforward signal and the other one
is to learn the feedback gain. The combination of the feedforward and feedback gains leads to the discovery
of the desired control policy directly from the data. We have demonstrated this method in solving design
problems in power systems. Within the presented framework, we now equivalently achieve the linear quadric
control design using output-feedback control based on the action data and output data. Our framework
provides a design tool to understand and transform a dynamical system, with potential applications in fields

such as complex networks.
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