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Abstract: Learning mappings between functions (operators) defined on complex computational domains is a common theo-
retical challenge in machine learning. Existing operator learning methods mainly focus on regular computational domains,
and have many components that rely on Euclidean structural data. However, many real-life operator learning problems involve
complex computational domains such as surfaces and solids, which are non-Euclidean and widely referred to as Riemannian
manifolds. Here, we report a new concept, neural operator on Riemannian manifolds (NORM), which generalises neural op-
erator from Euclidean spaces to Riemannian manifolds, and can learn the operators defined on complex geometries while pre-
serving the discretisation-independent model structure. NORM shifts the function-to-function mapping to finite-dimensional
mapping in the Laplacian eigenfunctions’ subspace of geometry, and holds universal approximation property even with only
one fundamental block. The theoretical and experimental analyses prove the significant performance of NORM in operator
learning and show its potential for many scientific discoveries and engineering applications.
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INTRODUCTION

Many scientific discoveries and engineering research activities involve the exploration of the intrinsic connec-
tion and relationship between functions [1,2]. In mathematics, the mapping between two functions is called
the operator [3]. Establishing the operator defined on complex computational domains has been a theoretical
challenge [4]. One ubiquitous example of operator is the solution operator of partial differential equations
(PDEs) [5], which provides the foundational descriptions of many nature laws. Solving PDEs under different
parameters, initial and boundary conditions can be regarded as finding the solution operators [6,7]. A more
practical example is that, for nuclear fusion, establishing the operator that links the input controlling coil
voltage to the plasma distribution in the complex tokamak vessel could enable rapid and accurate forecast-
ing of plasma field evolution, thus pointing to a promising direction towards sustainable fusion [8]. There
are also requirements for establishing operators in a wide range of other complex field prediction scenarios,
such as predicting the blood flow dynamics of the human body for the purpose of cardiovascular disease
diagnosis and treatment [9], and predicting the pressure field of an aircraft for fuselage structure optimisa-
tion [10, 11]. Physical experiments and numerical simulations are commonly used methods for finding the
mapping between two functions (i.e., operators) [1]. Due to the complex process of the underlying operators,
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especially when involving complex computational domains like tokamak vessels, human organs or aircraft
structures, the high computational and experimental costs of these methods are prohibitive for real-world
situations [12, 13].

Artificial intelligence (Al) techniques recently emerged as a promising paradigm shift for learning oper-
ators directly from data [1, 14, 15]. Classical deep learning methods, such as convolutional neural networks
(CNNs) and deconvolution techniques [2], can learn the mapping between discretised picture-like uniform
grid data to approximate the operator [16, 17]. Graph neural networks (GNNs) can represent the compu-
tational domain as a graph and then learn the properties of the nodes through message passing [18, 19].
However, since the network structure and the parameterisation of CNNs and GNNs heavily depend on the
discretisation-resolution of the computational domain [20], the high-dimensional discretisation of the compu-
tational domains will bring significant computational burdens to model training, and lead to slow convergence
or even divergence when learning general nonlinear operators [21]. Recently, neural operators (NOs), such as
DeepONet [22] and fourier neural operator (FNO) [23], were proposed as a new deep learning approach that
could directly learn mappings between functions on continuous domains with a discretisation-independent
model structure (i.e., the parameterisation of the model is independent of the discretisation of the compu-
tational domain) [24]. Despite the significant success of NOs, they mainly focus on learning the mapping
between functions defined on regular computational domains (data in the form of a picture-like uniform
grid), and many components of these methods rely on Euclidean structural data, such as Fast Fourier Trans-
form in FNO [23] and its variant Factorized-FNO [25], image convolution layer in U-shaped neural operator
(UNO) [26], and Wavelet transform in wavelet neural operator (WNO) [27]. However, real-life applications
are more complex and many are in irregular computational domains. Existing NOs often have to convert
irregular data to the form as regular uniform grid by coordinate transformation [28, 29] or grid interpola-
tion [20,30]. However, coordinate transformation techniques are normally limited to converting simple two-
dimensional (2D) irregular computational domains due to the poor intrinsic representation [20, 28], whilst
grid interpolation often leads to high-dimensional discretisation and thus brings significant computational
burdens to model training, especially for three-dimensional (3D) computational domains [17]. Therefore,
existing NOs has limitations in solving operator learning problems of real-life applications with irregular
computational domains, including complex surfaces and solids, which are non-Euclidean structural data, and
widely referred to as Riemannian manifolds.

This research proposed a deep learning framework with a new concept called neural operator on Rieman-
nian manifolds (NORM), as shown in Figure 1A. NORM could break the limitations of existing NOs and
extend the applicability from Euclidean spaces to Riemannian manifolds. NORM can learn the mapping be-
tween functions defined on any Riemannian manifolds, including 2D and 3D computational domains, while
maintaining a model structure independent of discretisation. Compared with learning operators directly in
the Euclidean space, the fundamental blocks of NORM shift the function-to-function mapping to the finite-
dimensional mapping in the Laplacian eigenfunctions’ subspace of geometry (Figure 1C). Because Laplacian
eigenfunctions have been proven to be the optimal basis for approximating functions on Riemannian mani-
folds [31], NORM can learn the global geometric information effectively and accurately without increasing
the complexity of parameterisation. Besides, we have proved that NORM could hold the universal approx-
imation property even with only one fundamental block. The effectiveness of the proposed framework was
demonstrated through several different tasks in science and engineering, including learning solution operators

Page 2 of 20



Natl Sci Open, 2024, Vol.3, 20240001
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Figure 1 The illustration of NORM. (A) Operators defined on Riemannian manifolds, where the input function and output function can be
defined on the same or different Riemannian manifolds. The example for this illustration is the operator learning problem of the composite
curing case, where the input temperature function and the output deformation function are both defined on the same manifold, the composite

part. (B) The framework of NORM, consists of two feature mapping layers (P and Q) and multiple L-layers. (C) The structure of L-layer,
consists of the encoder-approximator-decoder block, the linear transformation, and the non-linear activation function. (D) Laplace-Beltrami

operator (LBO) eigenfunctions for the geometric domain (the composite part).

for classical PDEs, composite workpiece deformation prediction and blood flow dynamics prediction.

NEURAL OPERATOR ON RIEMANNIAN MANIFOLDS

Problem definition

Learning operators on Riemannian manifolds refers to learning a mapping between two functions defined
on Riemannian manifolds, as shown in Figure 1A. Denote G : A(X;R) —» U(Y;R) a continuous operator,
namely the underlying mapping between the input and the output functions. The input a € A(X;R) is a
function a(x) : X = R, x € X, the output u € U (Y;R) is a function u(y) : ¥ - R,y € Y. X and Y are
Riemannian manifolds. Assuming that both A and U are L? spaces, then, the problem of learning operator
on Riemannian manifolds is to learn a parameterised operator Gy to approximate G, i.e., Go = G, 0 € R”.
Since the input function a and the output function u are both defined on Riemannian manifolds, the obvious
solution is to transfer them into a new representation that can be processed with existing Euclidean learning
models. Ideally, the solution should be feasible and consistent for any functions defined on Riemannian
manifolds. At the same time, the new representation should be low-dimensional while maintaining the
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information of the original functions. Therefore, we first propose a simple approximation block with an
encoder-approximator-decoder structure to transfer the mapping between functions on Riemannian manifolds
to a finite-dimensional mapping on Euclidean space.

The approximation block for learning operators on Riemannian manifolds can be defined as a mapping
N : AX;R) — UY;R) of the form N = Do Ro &, where & : AX;R) — R% denotes the encoder
that maps the function on manifold X to Euclidean space, R : R% — R% is an approximator, a learning
model for Euclidean data, D : R — U(Y;R) is an inverted mapping to recover the prediction function on
manifold VY.

Encoder-approximator-decoder structures were widely applied in the machine learning field, such as the
transformer [32] and autoencoder [33], and also in operator learning problems [34,35]. However, the encoder
and decoder of existing research are primarily designed for dealing with Euclidean structural data. To learn
operators on Riemannian manifolds, the primary challenge lies in how to design the encoder and decoder
mapping to process functions on manifolds without increasing the model complexity. These two mappings
would not only influence the feature extraction capability of the learning model, but also determine whether
the model holds universal approximation property.

Constructing mappings using Laplacian

The discretisation-independent target of the neural operator reminds us of the mesh-free spectral method in
PDE solving [36]. Intuitively, the spectrum of manifolds could naturally describe the intrinsic information
of operators on manifolds. The ideal choice of the spectrum for operator learning is the eigenfunctions
of the Laplacian, which is a set of orthonormal basis [37], and has been proven to be the optimal basis for
approximating functions defined on Riemannian manifolds [31,38]. Therefore, the encoder & and the decoder
D could be constructed as the spectral decomposition and the spectral reconstruction on the corresponding
Laplacian eigenfunctions.

The Laplacian occurs in a wide range of differential equations describing science and engineering prob-
lems, such as the heat transfer function, Poisson’s equation, diffusion equation, and wave equation [38]. For
the Euclidean space R and a twice-differentiable function f, the Laplacian Af is a second-order differential
operator defined as the divergence V- of the gradient V£, thatis Af = V-V f = V2 f. The eigenvalue problem
for the Laplacian can be defined as A¢; = A;¢;, where the A; (1; < A, < ...) and ¢;(x) that satisfying this
equation are defined as the eigenvalues and the corresponding eigenfunctions. Actually, the Fourier basis

2mikx i5 also the eigenfunction of the Laplacian with the eigenvalue A = —(27tk)? [39].

e

Since the divergence operator V- and gradient operator V f can also be defined on manifolds with Rieman-
nian metric g, the Laplacian Af can be naturally extended to the Riemannian manifold, which is also called
the Laplace-Beltrami operator (LBO) [40]. Therefore, we could obtain the Laplacian spectrum of manifolds
in a similar way as in Euclidean space, as shown in Figure 1D.

For Riemannian manifold M, the LBO eigenfunctions ¢;(x) is a set of orthonormal bases for the Hilbert
space L?>(M). It can be proved that a finite number of leading LBO eigenfunctions can approximate functions
on manifolds with any accuracy [31]. Therefore, for the approximation block N' = D o R o &, the encoder &

can be defined as the spectral decomposition on the LBO eigenfunctions ¢y ; of the input manifold X:

E:A— R™, &) :=(a,¢x1)»----{a bxa)), YaeA. (1)
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And the decoder can be defined as the spectral reconstruction on the LBO eigenfunctions ¢y ; of the output
manifold Y:
dy
D:RY S U, DB) =) Bibyi VBERY. 2)
i=1

With the defined encoder X and decoder D, an approximation block N' = D o R o & could potentially
learn the mappings between functions on manifolds with a simple parameterised Euclidean learning model
R. Since LBO can be defined on any Riemannian manifold, the block N can naturally deal with any complex
geometric domain, which breaks the limitations that existing neural operators relying on Euclidean structured
data. Meanwhile, the approximation block holds the discretisation-independent property, because R is pa-
rameterised on Euclidean spaces with size only related to the truncated eigenfunctions of the input and output
manifolds.

Although Laplacian is defined mathematically on smooth domains, practical numerical computation typ-
ically requires discrete approximations of domains, such as meshes or point clouds. The LBOs of common
geometric meshes have been strictly defined in the differential geometry field [41], including triangular mesh,
quadrilateral mesh, and tetrahedral mesh. In Supplementary information S2.1, an example of discretised LBO
for triangular mesh is provided.

Framework of neural operator on Riemannian manifold

The approximation block N = D o R o & can transfer the mapping between functions on Riemannian mani-
folds to a finite-dimensional Euclidean space learning problem. However, one basic block only approximates
the target operator by a linear subspace, which is inefficient in extracting non-linear low-dimensional struc-
tures of data. Here, we propose a new deep learning framework, the NORM, that consists of multiple layers
and in which the approximation block N constitutes one layer of the model, like the convolution layer in
traditional CNN.

We start from a common situation, assuming the input and output functions are defined on the same
manifold M, i.e., X = Y = M. The structure of NORM can be represented as the form shown in Figure 1B,
consisting of two feature mapping layers P, Q and n; hidden layers. The shallow network P lifts the input
function a to get v = P(a), where P : L>*(M;R) — L*(M;R%), so as to expand the dimension of features
to increase the representation ability, similar to the convolution channel expansion in CNN. Multiple hidden
layers, defined as the Laplace layer, or L-layer (Figure 1C), would update the input function iteratively, such
as vy — vy = Ly(vi_1) in the L-layer [. After that, the final shallow network Q would project the high-
dimensional features to the output dimension, namely u = Q (v,, ), where Q : L*(M;R%) — L*(M;R). The

iterative structure can be represented as
Go(@a)=Qo L, 0Ly _10---0L oP(a) 3)
The iteration of the hidden layers is given as follows:
vi = Livis)(x) := o (Wi (x) + bi(x) + Nvi-)(x)),  YxeM, 4)
where the linear transformations W, € R%*% and the bias b, € R% are defined as pointwise mapping. o is

the non-linear activation function like in the traditional neural network. Note that, the LBO eigenfunctions

Page 5 of 20



Natl Sci Open, 2024, Vol.3, 20240001

required in the approximation block can be pre-computated before training the model, as shown in Figure
1D. The detailed implementation of the discredited version of the approximation block N(v) is provided in
Supplementary information S1.1.

The above definition introduces the NORM structure where the input and output are defined on the same
manifold. Nevertheless, the structure can be easily generalised to the settings where the input and output are
defined on different manifolds and several different structures are introduced in Supplementary information
S1.2.

Note that the parameterisation of NORM is independent of the discretisation of the input and output
functions, because all operations are defined directly in the function spaces on manifolds rather than the
Euclidean coordinate spaces. P, Q are learnable neural networks between finite-dimensional Euclidean
spaces and have the same point-wise parameterisation for all x € M. Therefore, NORM can learn the

mappings between functions on any Riemannian manifolds while maintaining the discretisation-independent

property.

Universal approximation of NORM

Many recent studies have investigated the universal approximation properties of neural operators between
functions on Euclidean spaces [24,42]. This section will show the advantage of the proposed method that
even one approximation block N of NORM holds the universal approximation ability in learning operators
between functions defined on Riemannian manifolds.

Let N = D o R o & be a neural operator for the continuous mapping A(X;R) —» UY;R), and R :
RY% — R% represents a neural network that has universal approximation property. The encoder is defined as
E: A - R and Ea) := (a,dx.1) - --»{a dxac)), Ya € A. The decoder is defined as D : R¥” — U, and
DP) = Z?jl Bidy.i, VB € R¥. X and Y are Riemannian manifolds. A and U are L* spaces. ¢x,; and ¢y ; are
LBO eigenfunctions of manifolds X and Y, respectively. It should be noted that N' = D o R o E is a basic
block of the NORM, and also can be treated as the simplified version of NORM. Therefore, the universal
approximation property of N could guarantee the universal approximation property of the more complex
NORM framework. The universal approximation theorem of neural operators on Riemannian manifolds is
as follows.

Theorem. Universal approximation theorem for neural operators on Riemannian manifolds. Let
G : AX;R) > U(Y;R) be a Lipschitz continuous operator, K € A is compact set. Then for any € > 0,

there exists a neural operator N' = D o R o &, such that:

sup [IG(a) = N(@)ll> < e. &)

aek

Proof.  Itis challenging to directly prove the approximation error from A — U. Therefore, we establish a
low-dimensional projection subspace of A and U spanned by the corresponding LBO eigenfunctions. It can
be first proved that AV holds universal approximation property in learning operators between the projection
subspaces. Since LBO eigenfunctions is a group of basis in L? space, the projection error can be proven
to be e—approximation. Therefore, the final approximation error of N can be obtained by combining the
approximation error on the subspace, the encoding error on the input, and the decoding error on the output.

The detailed proof can be found in Supplementary information S3.
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Table 1 Performance comparison for the five case studies *

Case Metric GNN DeepONet POD-DeepONet FNO WNO NORM

1. Darcy problem MME 0.140(0.002) 0.045(4 x 107%) 0.044(3 x 107%) 0.094(0.002) 0.077(2 x 107%) 0.039(4 x 107)
Ep, (%) 6.732(0.053) 1.358(0.013) 1.296(0.023) 3.826(0.077) 1.090(0.030) 1.046(0.020)

2. Pipe turbulence MME 2.358(0.125) 0.960(0.002) 0.241(0.017) 0.896(0.001) 0.892(0.001) 0.116(0.003)
Ep, (%) 23.583(1.411) 9.358(0.107) 2.587(0.275) 3.801(0.002) 3.786(0.003) 1.008(0.020)

3. Heat transfer MME - 3.038(0.156) 1.304(0.045) - - 1.599(0.096)
Ep, (%) - 0.072(0.002) 0.057(0.001) - - 0.027(0.002)

4. Composite MME 0.882(0.029) 0.157(0.002) 0.077(0.003) - - 0.051(0.002)
Ep, (%) 20.908(0.050) 1.880(0.034) 1.437(0.060) - - 0.999(0.027)

5. Blood flow MME - 0.899(0.010) 0.488(0.002) - - 0.093(0.003)
Ep, (%) - 60.613(0.961) 33.256(0.126) - - 4.822(0.061)

a: The values A(B) represent the mean and standard deviation of five repeated runs, respectively.

RESULTS

The proposed NORM was verified using three toy cases and two practical engineering cases with 2D or
3D complex geometric domains. The three toy cases of learning PDEs solution operators involved different
problem settings and input/output structures: (1) the Darcy problem case aims to learn the mapping from
the parameter function (the diffusion coefficient field) to the solution function (the pressure function field),
where both functions are defined on the same 2D manifold; (2) the pipe turbulence case is a classical dy-
namics systems prediction setting, namely, predicting the future state field based on the current state field
(velocity field in the pipe); and (3) the heat transfer case tries to learn the mapping from the boundary con-
dition (temperature function on 2D manifold) to the temperature field of the part (temperature function on
3D manifold). The two engineering cases are composite workpiece deformation prediction and blood flow
dynamics prediction: (4) the composite case aims to learn the mapping from the temperature field to the
final deformation field of a 3D composite workpiece, where the deformation mechanism involves complex
physicochemical processes other than only PDEs, and (5) for the blood flow dynamics case, the inputs are

multiple time series functions, and the output is the spatiotemporal velocity field of the aortic (3D manifold).

We compared NORM with several popular neural operators, including DeepONet [22], POD-DeepONet
[20], FNO [23], WNO [27] and also one classical Graph Neural Networks (GNN), named GraphSAGE [43].
For the 2D cases, the irregular geometric domains were interpolated to a regular domain for the imple-
mentation of FNO and WNO. For the 3D cases, we did not compare with FNO and WNO because of the
prohibitive complexity of 3D spatial interpolation. Since the message-passing mechanism in graph learning
methods typically focuses on problems with the same input and output graphs, we did not compare GNN for
the heat transfer case and blood flow dynamics case. The details about data generation and baseline model
configurations are described in the Supplementary information S4, S5 and S6.2. The quantitative comparison
results of all methods are presented in Table 1. We considered two error metrics: Ej, is the mean relative
L, error of all test samples, and mean maximum error (MME) refers to the mean value of all test samples in

terms of the maximum error in the whole computational domain.
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Learning PDEs solution operators

PDEs provide the foundational descriptions of many nature phenomena and physics laws. Machine learn-
ing methods have been reported with many successes in PDEs prediction and discovery [1, 15]. The recent
proposed PDE discovering method, Sparse Spatiotemporal System Discovery (S>d), can even automatically
discover the physical terms of PDEs without leveraging prior knowledge or assumptions, thus holding sig-
nificant potential to facilitate scientific discovery [44]. With more PDEs being discovered and established,
learning solution operators for these PDEs under different parameters, initial, and boundary conditions be-
comes a necessary direction for accelerating engineering applications [4]. In this section, we will focus on
learning the solution operators for three typical PDEs: the Darcy problem, pipe turbulence, and heat transfer.

Darcy problem (Case 1)

Darcy flow equation is a classical law for describing the flow of a fluid through a porous medium. This
problem is also widely used for various neural operator verification [24]. Darcy’s law can be mathematically
described by the following equation:

-V (aVu) =f, (6)

where a is the diffusion coefficient field, u is the pressure field and f is the source term to be specified. As
shown in Figure 2, the computational domain is a 2D geometric shape represented by a triangle mesh with
2290 nodes. The geometric domain has an irregular boundary with a thin rectangle notch inside, which can
increase the complexity of the learning problem. The operator learning target in the Darcy flow problem is

the mapping from the diffusion coefficient field a(x) to the pressure field u(x):
G:ax)— ux), xe M. 7

The labelled data for training the neural operator model is the pair of a(x) and u(x). 1200 sets of input data
a(x) are randomly generated first. Then the corresponding u(x) is solved by Matlab’s SOLVEPDE toolbox.
1000 of them are used as the training dataset, and the rest 200 groups are defined as the test dataset.

Figure 2A and B show the input field and output field of one representative sample in the test dataset.
Figure 2C-L report the comparative prediction results of different methods and the corresponding prediction
errors, in which A, refers to the average absolute error over all nodes in the geometric domain, and A ;4
means the maximum absolute error on all nodes. The comparison shows that the output field and the NORM
predicted result exhibit excellent agreement. Due to the influence of grid interpolation, FNO has the most
significant error, especially in the boundary region. WNO can provide a more accurate prediction compared
to FNO, with the average error even approaching the result of NORM. DeepONet and POD-DeepONet show
significant errors on the right side of the rectangle. The quantitative results of the test dataset are listed in

Table 1. NORM can achieve the lowest error compared with all other baseline methods.

Pipe turbulence (Case 2)

Turbulence is a vital flow state of the fluid, which reflects the instability of the fluid system [45]. Here, we
considered turbulent flows in a complex pipe, of which the underlying governing law is the 2D Navier-Stokes
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Figure 2 Experimental results of the Darcy problem (Case 1). (A, B) The input and output fields for a representative sample. (C, E-H) The
prediction results of different methods. (D, I-L) The prediction errors of different methods.

equation for a viscous incompressible fluid:
ov
— +(v-V)v==Vp +uV,
ot prH (8)

V-v=0,
where v is the velocity, p is the pressure, and the fluid chosen is water. The geometric design of the irregular
pipe is shown in Figure 3 where the left and right ends are inlet and outlet, respectively. For a given inlet
velocity, we performed the transient simulation to predict the velocity distribution in the pipe. The velocity
field data are represented by a triangular mesh with 2673 nodes. Details about data generation and simulation
settings can be found in the Supplementary information S4.1.2. The operator learning problem of this case
is defined as the mapping from the velocity field v(x, t;) to the velocity field v(x, t,), where t, = #; + 0.1 s:

G:v(x, 1) > v(X, ), XeM. 9

The prediction results and errors of baseline models are provided in Figure 3C-L. As shown in Figure
3L, NORM can give a consistent prediction compared with the ground truth. WNO and FNO achieve minor
errors in smooth areas but large errors in sharp areas because of the grid interpolation, leading to small
Apean but large A .« (shown in Figure 3D and I). POD-DeepONet, like NORM, has a uniform distribution
of errors, while the error value is slightly larger than NORM. DeepONet has the most significant prediction

error compared to other methods in this task. The quantitative statistical results can be seen in Table 1.

Heat transfer (Case 3)

Heat transfer describes the transfer of energy as a result of a temperature difference, which widely occurs in
nature and engineering technology [46]. The heat equation can be written in the following form (assuming
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Figure 3 Experimental results of the pipe turbulence (Case 2). (A, B) The input and output fields for a representative sample. (C, E-H) The
prediction results of different methods. (D, I-L) The prediction errors of different methods.

no mass transfer or radiation):

T .
pCaa—t =V-KVT + Q, (10)

where T is the temperature as a function of time and space. p, C, and K are the density, specific heat capacity,
and thermal conductivity of the medium, respectively. And Q is the internal heat source.

The heat transfer case was designed on a 3D solid part, as shown in Figure 4C. The learning problem is
defined as the mapping from the 2D boundary condition 7.(x) to the 3D temperature field 7T,_3,(y) of the
solid part after 3 s of heat transfer.

G:Tpe(®) > Ti35(y), xeXyel. (11)

As shown in Figure 4A, the input geometric domain is represented by a triangular mesh with 186 nodes,
and the output geometric domain is represented by a tetrahedral mesh with 7199 nodes. The labelled dataset
was generated by the commercial simulation software Comsol. The training dataset consists of 100 labelled
samples, and another 100 groups are defined as the test dataset. More details are given in the Supplementary
information S4.1.3.

In this case, the input and output functions are defined on different manifolds, thus the different L-layers
of NORM have to utilise different LBO eigenfunctions. The model structure of NORM is given in Figure
S1B. The beginning L-layers of NORM employ the LBO eigenfunctions of the input manifold for both the
encoder and decoder. One middle L-layer of NORM utilises the LBO eigenfunctions of the input manifold
for the encoder while taking the LBO eigenfunctions of the output manifold for the decoder. The ending
L-layers employ LBO eigenfunctions of the output manifold for both the encoder and decoder. FNO is not
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implemented for this case due to the prohibitive computational complexity of 3D spatial interpolation. The
prediction results of different methods for one typical test data are shown in Figure 4. DeepONet has a large
prediction error where the temperature gradient is large. POD-DeepONet has different errors on different
temperature regions of the left end face, while the error of NORM is smaller and only appears in a few small
areas. Moreover, the statistical results for all methods on the test dataset are shown in Table 1, where NORM
shows the smallest relative L, error.

Composite workpiece deformation prediction (Case 4)

This case study investigated the effectiveness of the proposed NORM on a complex 3D irregular geometry,
specifically in predicting the curing deformation of a carbon fiber reinforced polymer (CFRP) composite part.
CFRP composites are known for their lightweight and high-strength properties, thus becoming preferred
materials for weight reduction and performance enhancement in modern aerospace industries [13]. The
large size and high accuracy requirements of aerospace CFRP composite parts impose increased demands on
deformation control during the curing process [47]. Regulating the curing temperature distribution of a part
is an effective means of controlling curing deformation. Therefore, constructing the predictive model of the
temperature-to-deformation field on the geometry can provide essential support for further curing process
optimisation [48].
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Figure 5 Composite workpiece deformation prediction case (Case 4). (A) Illustration of the air-intake workpiece and the composite curing.
(B) The input and output of the operator learning problem, the predicted deformation of NORM, and the prediction error of comparison
methods. (C) The distribution of deformation prediction error over all nodes of all test samples. (D) The maximum prediction errors of all test
cases for the three methods.

As shown in Figure 5A, the CFRP composite workpiece used for the case study is the air-intake structural
part of a jet. This workpiece is a complex closed revolving structure formed by multiple curved surfaces,
which would deform significantly after high-temperature curing. The learning problem of this case is defined
as the mapping from the temperature field a(x, y, z) to the deformation field u(x, y, z) on the given composite
part.

Figure 5B shows the prediction result of NORM and the prediction error of baseline methods of one test
sample. It can be found that the error map of NORM is almost “green” for the whole part, which means
that predicted deformation field is very close to the reference value. Table 1 shows that NORM outperforms
all baseline methods in both E;, and MME. Figure 5C shows the distribution of prediction error over all
nodes of all test samples. It can be seen that the prediction errors of all nodes for all methods show Gaussian
distributions with mean values approximating zero. The estimated standard deviations of different methods
are marked in each figure. By comparison, NORM can achieve a lower prediction error uniformly and
comprehensively for most nodes.

Composite manufacturing is a risk-sensitive problem, so it is not sufficient to consider only the relative L,
error and average statistical results. According to the deformation prediction evaluation criteria provided by
the engineers of the collaborating company, the maximum prediction error of the deformation field predicted
by the data-driven model should be less than 0.2 mm. Figure 5D reports the maximum prediction errors of
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all test cases. NORM is not only far outperforming the comparative methods but also has all test samples

with a maximum prediction error of less than 0.2 mm.

Blood flow dynamics prediction (Case 5)

Blood flow dynamics is the science of studying the characteristics and regularities of blood movement and
its constituents in the organism, which is closely related to human health [49]. To explore the potential
of NORM for aortic hemodynamic modelling (Figure 6A), we consider a similar scenario as described in
reference [50] where the inputs pv|, 71, are time-varying pressure and velocity at the inlet/outlets, and the
output V| y0.71x3 18 the velocity field of blood flow consisting of velocity components in three directions [51],
as shown in Figure 6B. The spatial domain is represented by a tetrahedral mesh with 1656 nodes, and the
temporal domain is discrete with 121 temporal nodes. It is worth pointing out that the challenges of this
case lie in two aspects: (1) time-space complexity, i.e., the output function defined on the complex geometric
domain is time-varying; (2) unbalanced node values, i.e., the velocity of most nodes is close to zero due to
the no-slip boundary condition.

Since the Fourier basis is also a group of the LBO eigenfunction, NORM can naturally deal with the
temporal dimension of input and output functions using the Fourier basis, as discussed in Supplementary
information S1.2. Hence NORM adopted the structure of Figure S1C. Statistics results of the NORM and
two benchmarks (DeepONet and POD-DeepONet) are presented in Table 1. It is evident that NORM yields
the smallest MME and relative L, error with minor variation. It stands to reason that at nodes v — 0, even
a slight prediction bias would lead to a significant relative L, error, but the proposed NORM achieves an
impressive relative L, error 4.822%, compared with 89.26% of DeepONet and 37.42% of POD-DeepONet,
which demonstrates the remarkable approximation capability of NORM. Figure 6C compares the visualisa-
tion of the velocity streamlines (snapshots at a representative time) against baseline methods. We observe
that NORM achieves an excellent agreement with the corresponding ground truth, while POD-DeepONet
and DeepONet only learn the general trend of velocity distribution but lose the predictive accuracy of the
node value. Especially, DeepONet fails to capture the local details of streamlines at inlets and outlets. To
further show the temporal trajectory prediction performance of NORM, the additional comparison visual-
isations of the blood velocity fields for the time steps t = 0.3 s, = 0.6 s and r = 0.9 s can be found in
Supplementary information S6.1. Additionally, we provided a video supplement showcasing the prediction
performance across the entire time series.

Furthermore, Figure 6D provides the perspective to investigate the predictive accuracy of the node velocity
evolution over time, which projects the 3D vector onto the xy-plane. NORM agrees well with ground truth
regarding phase and amplitude, while POD-DeepONet shows a smaller overall amplitude, and DeepONet
loses accuracy in both aspects. Finally, the comparison between ground truth and predictions for the magni-
tude of the velocity vector at 5000 spatiotemporal nodes randomly sampled from all test samples is plotted
in Figure 6E. Compared to NORM (R?> = 0.998), despite a quasi-linear relationship maintained by POD-
DeepONet (R?> = 0.859), a prediction bias amplifies as the velocity increases. We conjecture that it is the
approximation bias introduced by using the linear superposition method to fit complex nonlinear problems.
As for DeepONet (R?* = 0.567), since its training mode is point-wise and the loss function used for training
is the relative L, error, the updating of the model parameters is mainly driven by the nodes v — 0. Then, the
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Figure 6 Blood flow dynamics prediction case (Case 5). (A) Illustration of the human thoracic aorta, the largest human artery. (B) Illustration
of the operator mapping G. The inputs are the velocity at the inlet and the pressure at the outlets. The output is the velocity field of the blood
flow. (C) Visualisation of the velocity streamlines (snapshots at a representative time) against baseline methods. (D) Comparison of node
velocity evolution prediction over time. We project the 3D vector onto the xy-plane. (E) Comparison between ground truth and predictions for
the magnitude of the velocity vector. We randomly sample 5000 spatiotemporal nodes from all test samples.

model outputs tend to be zero, resulting in a trade-off with the optimisation of other nodes. Therefore, the
overall prediction of nodes in DeepONet appears more dispersed and does not show a linear relationship.

Analysis

The encoder and the decoder of NORM are constructed by the spectral decomposition and the spectral
reconstruction on the corresponding LBO eigenfunctions. This prompts a natural question: Could there be a
more suitable basis than LBO eigenfunctions? From a model reduction point of view, the Proper Orthogonal
Decomposition (POD) could also provide the projection basis to construct the encoder and the decoder.
Consequently, NORM could be naturally extended to POD-NORM, wherein the POD modes of the training
dataset replace the LBO eigenfunctions. Note that, the input data and the output data have different POD
modes, so the structure of POD-NORM is similar to NORM with different input and output manifolds (Figure
S1B in the Supplementary information). Therefore, NORM and POD-NORM were compared to demonstrate
the advantages of LBO eigenfunctions. We focus on the performance comparison of the Darcy problem
and the composite case, because the input fields of these two tasks are more complex, which brings more
challenge to the representability of the spectrum. The data results reported in Figure 7 are the average based
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and NORM for various numbers of modes in different sizes of the training dataset. (B) The coefficient analysis of the spectral decomposition

of both the input temperature field and the output deformation field for the composite case using LBO and POD modes. (C) Comparison of
DeepONet, POD-DeepONet, POD-NORM, and NORM for different sizes of training data while the number of LBO/POD modes is 128.

on five repeated runs.

We first compared the performance of NORM, POD-NORM, and POD-DeepONet across various numbers
of modes from 16 to 896. Figure 7A shows the error tendency of the different methods with different mode
numbers. Each case contains the results with two different sizes of the training dataset, {1000, 1500} for

the Darcy case and {200, 800} for the composite case. For the Darcy case, the prediction errors of all three

methods decrease rapidly as the number of modes increases, eventually converging to a stable performance
level. Notably, POD-NORM and POD-DeepONet have similar performance, and NORM shows smaller
errors under all number of modes. These findings indicate that the LBO eigenfunctions possess a more robust

representation capability compared to POD modes. In Figure 7A, we can observe that, in the composite case,

increasing the number of POD modes does not appear to reduce the prediction error of POD-DeepONet and

POD-NORM significantly. In contrast, NORM continues to show a clear decreasing trend in error while

maintaining its leading performance.

To further explain the performance difference between the two modes in the composite case, we conducted

a comparative analysis of the spectral decomposition of both the input temperature field and the output de-
formation field using LBO and POD modes. As shown in Figure 7B, the top 100 POD decomposition
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coefficients of the deformation field decreases rapidly from magnitudes of 10 to 1073, and the decompo-
sition coefficients of the temperature field drop from 10! to 10~* suddenly. That indicates that the feature
representation after the encoder & contains coefficients spanning a wide range, from 10~* to 102, which could
bring challenges for the learning process. Besides, since the high-order POD coeflicients of the deformation
field are extremely small, any errors in these coefficients could lead to significant sensitivity in the recon-
structed results generated by the decoder . By comparison, the LBO decomposition coefficients fluctuate
in a relatively smaller range. This observation provides a potential explanation for why NORM consistently
outperforms POD-NORM in most scenarios.

Another key distinction between these two modes lies in their underlying principles. POD modes are data-
dependent while LBO eigenfunctions are geometry-dependent. For POD-DeepONet and POD-NORM, the
POD modes are learnt from training data, thus the generalisability relies on the size of training data and low-
data scenarios will lead to poor performance. By comparison, LBO eigenfunctions are only related to the
geometric domain, but entirely independent of the training data. Therefore, the size of training samples will
not influence the generalisability of LBO eigenfunctions. Figure 7C shows the error comparison for different
operator learning methods with respect to different training dataset size. For the Darcy problem, the training
dataset sizes vary from 400 to 2000, and the test dataset is an additional 200 groups labelled data. For the
composite case, the training dataset sizes are set from 100 to 1000, and another 100 groups are defined as the
test dataset. The number of modes is consistently set to 128 for POD-DeepONet, POD-NORM, and NORM.
Notably, we observe that NORM exhibits a more rapid convergence rate as the training dataset increases,
outperforming the other methods. In particular, for the Darcy problem, a NORM with 1200 samples can
achieve a relative L, error of less than 1.00%, while DeepONet, POD-DeepONet, and POD-NORM with
2000 samples are 1.04%, 1.24% and 1.16% respectively. To sum up, integrating LBO eigenfunctions enables
NORM with superior performance bound and enhances the convergence capability.

DISCUSSION

In this work, we propose a deep learning framework with a new concept called the NORM, to learn mappings
between functions defined on complex geometries, which are common challenges in science discovery and
engineering applications. Unlike existing neural operator methods (such as FNO, UNO, WNO) that rely
on regular geometric domains of Euclidean structure, NORM is able to learn mappings between input and
output functions defined on any Riemannian manifolds via LBO subspace approximation. Furthermore, the
optimality of LBO eigenfunctions allows NORM to capture the global feature of complex geometries with
only a limited number of modes, rather than directly learning the operator in the high-dimensional coordinate
space. The ability of LBO eigenfunctions to approximate functions on Riemannian manifolds also guarantees
the universal approximation property of NORM.

NORM generalises the neural operator from Euclidean spaces to Riemannian manifolds, which has a
wide range of potential applications, including PDEs solving, aerodynamics optimisation and other com-
plex modelling scenarios. The case studies in parametric PDEs solving problems and engineering applica-
tions demonstrated that NORM can learn operators accurately and outperform the baseline methods. The
discretisation-independent ability enables NORM with greater performance advantages compared with the
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coordinate spaces based models (such as DeepONet [22]) when learning more complex operators (such as the
blood flow dynamics case). The architecture of NORM draws inspiration from the iterative kernel integration
structure employed in FNO [23]. Notably, since the Fourier basis is also a group of the LBO eigenfunction,
NORM can be treated as a generalisation of FNO from the Euclidean space to Riemannian manifolds. In
addition, NORM can deal with different input/output manifolds, including Euclidean space or complex ge-
ometries, and thus has broader application potential compared with GNN or FNO, which requires the input

and output to be the same domains.

The integration of LBO eigenfunctions in NORM requires the definition of Riemannian metric, thus we
introduce the Riemannian manifolds assumption for the geometric domains. In real-world engineering ap-
plications, the geometries either show Riemannian manifold properties or can be approximated to be Rie-
mannian manifolds [52]. Besides, various Riemannian metrics have been defined for the commonly used
mesh-represented geometries, thereby broadening the applicable scenarios of the Riemannian manifolds as-
sumption [53]. Nevertheless, NORM can be applied to non-Riemannian data structures indirectly through
proper pre-processing. For example, in the case of 3D point clouds, one feasible solution could be manually
constructing the Riemannian metric from the point cloud and then calculating LBO eigenfunctions like de-
scribed in reference [54]. Recent researchers have also started to develop Laplacian for non-manifold triangle

meshes, which could be a potential solution for operator learning in non-manifold geometries [55].

Our method offers a new perspective for learning operators and solving PDEs on manifolds. Furthermore,
the Laplacian-based approximation block in our method has strong extension potential to other neural opera-
tor structures or even physics-informed machine learning methods. For instance, the approximation block N
could replace the branch net of DeepONet, making the new framework discretisation independent in both in-
put and output functions. When solving PDEs with known equations, integrating the approximation block N
into the physics-informed neural network could reduce the parameterisation complexity in coordinate spaces.
In addition, the advantages of LBO eigenfunctions could be further discovered for more operator learning

settings.
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